Lecture 12.5

Basics of Sets and Functions



What’s a Set?

DEfn: A set is an unordered collection of distinct objects, called elements or members of the set.

a € A denotes that a is a member of A, and a € A denotes that a is not a member ot A.

Examples:

V=a,e,i,o,u},is the set of vowels in English alphabet. ,
Roster notatiow.

E=1{2,4,6,8,10}, is the set of positive even integers < 10. )

E = {x | x is a positive even integer < 10}

QF={xeR|x= E, for some positive integers p and g}

q

Set builder notation.

Note: It is not necessary that members of a set should have a common property.

For instance, {99, Bob, Jupiter} is a valid set.



More about Sets

Definition: Two sets are equal if and only it they have the same elements. In other words,

it A and B are sets, thenA =B itandonly it Vx(x € A < x € B).

Example: {1,2,3} = {1,3,2} because they contain the same elements and the order does

not matter. It also does not matter whether one element is listed more than once, theretore,

(123322} = {123}

Definition: A set that contains no elements is called the empty set and denoted by .

A set with just one element is called a singleton set.

Note: Do not confuse @ with {@}, @ is the empty set and { D} is a singleton set.



Subsets and Cardinality

Defn: The set A is a subset of B iff every element of A is also an element of B.

A C B denotes that A is a subset ot B.

ProvingA C B,A € B,A = B:
® To prove A C B, show thatifx € A, then x € B.

® Toprove A € B, find an x in A such that x € B.

® To prove A = B, show that A C Band B C A.

Defn: Let S be a set. If there are exactly n distinct elements in §, where n is a
nonnegative integer, we say that § is a finite set and that n is the cardinality of §.

The cardinality of S is denoted by | S |. A set is said to be infinite if it is not finite.



Ordered Tuple

Defn: The ordered n-tuple (a;, a,, ..., a,) is the ordered collection that has a,as its first

element, a, as its second element, ..., and a, as its nth element. Ordered 2-tuples are

called ordered pairs.

Two ordered n-tuples, say (¢,

corresponding pair of their e

, 0y, ...,a ) and (b, b,, ..., b, ), are equal it and only it each

ements are equal, i.e., a; = b, fori = 1,2,...,n.



Cartesian Product

Defn: Let A and B be sets. The Cartesian product ot A and B, denoted by A X B, is the
set of all ordered pairs (a, b), where a € A and b € B. Hence,

AXB={(ab)laeAAbeEB)}

Example: LetA = {a,b} and B = {1,2,3}. Then
AXB=1{(@al),(a2),(a3),(b,1),(b,2),(b,3)}
BXA ={(1,0),(1,b),(2,a),(2,b),(3,a),(3.b)}

Definition: The cartesian product of the sets A, A,,...,A,, denoted by A X A, X ... X A

nl

is the set of ordered n-tuples (ay, a,, ...,a,), where a; belongsto A;, tori = 1,2,...,n.



Set Operations

Let A and B be two sets. Then the following operation can be detined on them,

Union: Denoted by A U B, is the set of all the elements that are either in A or B, or in both.

Intersection: Denoted by A N B, is the set of all the elements that are in both A and B.
A and B are disjoint, it AN B = @&.

Difference: Denoted by A — B, is the set of all the elements that are in A but not in B.

Complement: Let U be the universal set. The complement of the set A, denoted by A s

the complement of A with respect to U, i.e., U — A.

Note: Union and intersection of more than two sets defined as the natural extension of

union and intersection of two sets.



Set Identities

, ANU=A ANB=AUB
|dentity Laws: De Morgan’s Laws: _
AUg =A AUB=ANBRAB
L AuU=U AUANDB)=A
Domination Laws: Complement Laws:
ANDG =0 AN(AUB)=A
AUA=A AUB=BUA
ldempotent Laws: Commutative Laws:
ANA=A ANB=BnNnA
, AUANDB)=A AUuUBUC)=AuB)UuC
Absorption Laws: ( ) Associative Laws: ( ) = )
ANAUuB)=A ANBNC)=ANB)NC

AUBNC)=AUBNAUCQC)

Complementation Law: (AT) = A Distributive Laws:
ANBUC)=ANB)UANC)



Functions

Defn: Let A and B be nonempty sets. A function ffrom A to B is an assignment of

exactly one element of B to each element of A. We write f(a) = b it b is the unique

element of B assigned by the function f to the element a of A. It fis a function from A to B,

we write f : A — B. A is called the domain of fand B is called the image or range of f.

Adams o
Bob ,

Steve X
Mark / o
Patrick o »o

A function

-”n O O = =

Adams o o A
Bob B
Steve C
Mark o be D
Patrick e »o F

Not a fuwc’ciow



One-to-One Functions

Defn: A function fis said to be one-to-one or an injection, it and only if f(a) = f(b) implies that

a = b tfor all a and b in the domain of f.

Adams e »o A Adams e »e A
Bob : B Bob B
Steve >< C Steve C
Mark . ), Mark . $o D
Patrick e »eo F Patrick e »e F

AN 'w\d'eatiow Not an Lmjectlow



Onto Functions

Definition: A function fis said to be onto or a surjection, it and only it for every element

b € B there is an element a € A with f(a) = b.

Adams e »o A Adams e A
Bob ; B Bob / B
Steve >< C Steve / C
Mark . o), Mark / D
Patrick e »o F Patrick e v J

A su(jeo‘ciow Not a su.(jeatiow



Bijective Functions

Defn: A function fis said to be a bijection, it and only it it is both one-to-one and onto.

Adams ® W A
Adams ° 50 A

Bob B
Bob ; B

>< Steve C

Steve ‘ C

Mark D
Mark . »e D

Patrick e F
Patrick e yo [ /

Ross

A lofdectlow Not a bijectiow



Inverse Function and Composition of Functions

Defn: Let f be a bijection from A to B. The inverse function of f, denoted by /!, is the

function that assigns to an element b of B the unique element a in A such that f(a) = b,

e, f~1(b) =a.

Defn: Let g be a function from A to B and let f be a function from B to C. The

composition of the functions fand g, denoted by fo g forall a € A, is detined by
(fe8)a) = f(gla))



